The sufficient part of this theorem was proved by J. Marcinkiewicz and A. Zygmund [3] . An entirely different proof of this is given here by means of concentration functions and, in particular, by using a theorem due to K. Ito ([l, p. 46] , and restated and proved in a different manner in [4] ). The statement and proof that the condition given in the theorem is necessary appears to be new. In §2 a lemma is proved which is used to prove that the condition is sufficient; besides its use in this paper this lemma should find considerable application. In §3 the theorem is proved. It should be pointed out that no use is made of the independence of the random variables in the proof that the condition is necessary.
2. A lemma. A particular case (in a sense) of the lemma given in this section was stated but not proved by P. Levy [2, p. 134] and was stated and proved in [4] (see Lemma 4, pp. 719, 720) . Since this particular case is not general enough to use in the proof that the condition given in the theorem is sufficient, a more general lemma must be stated and proved.
Let us recall that if P is a probability distribution function, then its concentration function QF is defined by
for all i ^ 0. For some of the known properties of concentration functions the reader is referred to [2] and [4] .
Uune
Lemma. Let F, Fi, F2, • ■ ■ be a sequence of distribution functions, and let Q, Qi, Q2, ■ ■ ■ be the corresponding concentration functions. If Fn(x)->F(x) as n-><x> at all x at which F is continuous, then Qn(x) ->Q(x) as «-> oo at all x at which Q is continuous.
Proof. Let I be a point at which Q is continuous. It suffices to prove that
In order to prove (1) it is enough to show that any sequence {n1} of positive integers contains a subsequence {»"} such that n-»00 Inequality (6) and the theorem of K. Ito (p. 720 in [4] ) then imply the sufficiency of the condition. We now prove that the condition is necessary. Let {X"| be a sequence of real numbers such that En-i (Xn-X«) converges a.s.; we shall prove that there exist real numbers {0,7} such that (i), (ii) and (iii) are true. We assume that E"-i Xn does not converge a.s., i.e., En°-i *» diverges; otherwise öi,= 1 for all i and j. The proof is broken up into three cases. exists an increasing sequence of integers {kn} such that {/3"} are unbounded, which contradicts the hypothesis of Case 3. Thus {yn} are bounded.
Since {yn} are bounded, there are limit points of it. There are at least two limit points of { y" }, for, otherwise, this sequence would converge, which would contradict our hypothesis. Without loss of generality we may suppose 0 to be the smallest limit point and a>0 the largest. Let «>0 be such that 3e<a. Then there exists an increasing sequence of positive integers {k"} such that a -e<ykin_1<a + e and it follows that Sm->E"=i (^n-X") a.s. as m-*<», which concludes the proof that the condition is necessary.
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